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Abstract
Some of the consequences for inflationary cosmology of a scale dependence (running) in the tilt of the scalar perturbation
spectrum are considered. In the limit where the running is itself approximately scale-invariant, a relationship is found between
the scalar and tensor perturbation amplitudes, the scalar spectral index and its running. This relationship is independent of
the functional form of the inflaton potential. More general settings, including that of braneworld cosmological models, are
also considered. It is found that for the Randall–Sundrum single braneworld scenario, the corresponding relation between the
observables takes precisely the same form as that arising in the standard cosmology. Some implications of the observations
failing to satisfy such a relationship are discussed.
 2003 Elsevier B.V.
PACS: 98.80.Cq
Open access under CC BY license.1. Introduction
Wilkinson microwave anisotropy probe (WMAP)
has measured the power spectrum of the cosmic mi-
crowave background (CMB) for multipoles up to l ≈
800 with unprecedented accuracy [1]. The best-fit
model to the WMAP data alone is consistent with a
spatially flat universe, with near scale-invariant, adi-
abatic and Gaussian distributed primordial density
(scalar) perturbations [2–4], as predicted by the sim-
plest models of inflation [5]. (For a review, see, e.g.,
Ref. [6].)
E-mail addresses: j.e.lidsey@qmul.ac.uk (J.E. Lidsey),
r.tavakol@qmul.ac.uk (R. Tavakol).0370-2693  2003 Elsevier B.V.
doi:10.1016/j.physletb.2003.07.091
Open access under CC BY license.Combinations of CMB results with other astro-
physical observations have led to strong constraints
on the standard cosmological parameters such as the
Hubble parameter, baryon density and age of the uni-
verse [2]. In order to differentiate between the numer-
ous inflationary models, however, it is necessary to
constrain the power spectrum of the primordial fluc-
tuations. Assuming that such a spectrum varies in a
suitable fashion, the standard approach is to expand its
logarithm as a Taylor series in ln k, about a given scale,
k0:
lnAS(k)= lnAS(k0)+ (nS − 1) ln k
k0
(1)+ 1
2
αS ln2
k
k0
+ · · · ,
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tral index (tilt) of the spectrum and the second-order
term, αS ≡ (dnS/d lnk)k0 , represents the ‘running’ of
the spectral index [7]. The ‘power-law’ approximation
is equivalent to truncating the spectrum to first order,
i.e., specifying αS = 0. At this level of approximation,
the best-fit to the WMAP data is nS = 0.99 ± 0.04
[2]. On the other hand, there is some evidence that
the power-law approximation may be inadequate when
data sets spanning a much wider range of scales are
combined. Specifically, Peiris et al. [3] include CMB
data from the CBI [8] and ACBAR [9] (covering the
range of multipoles 800 < l < 2000 complementary
to WMAP), together with the two degree field (2dF)
galaxy redshift survey [10] and Lyman-α forest data
at wavenumbers above k ≈ 0.1 Mpc [11]. There is
marginal 1.3σ support for a non-zero running, αS =
−0.055+0.028−0.029 [3]. However, the validity of employing
the Lyman-α forest data has been questioned [12]. Bri-
dle et al. [13] include CMB data from the VSA [14] but
not from the Lyman-α forest, and find the marginal-
ized 1σ result αS =−0.04± 0.03, in agreement with
WMAP Collaboration, although they conclude that ev-
idence for a non-zero running is dependent on the sur-
prisingly low values of the quadrupole and octopole
moments in the CMB power spectrum. In particular,
αS = 0 is consistent when the l < 5 multipoles are ex-
cluded [13]. Other authors who include only CMB and
2dF data also find that a scale-invariant tilt is consis-
tent with the observations [15–17].
Although there still remain some open questions re-
garding the interpretation of the data, the recent devel-
opments outlined above provide strong motivation for
considering what one might expect to learn about in-
flationary cosmology if a running in the spectral index
is detected [7,18–22]. This is especially true given the
anticipated improvement in the quality of data from
future satellite experiments such as Planck. In gen-
eral inflationary settings one would expect the run-
ning itself to be scale-dependent. However, given the
current absence of observational evidence for such a
variation and, furthermore, that a varying running may
be approximated as a piecewise constant over a small
enough range of scales, we consider inflationary mod-
els where the running of the tilt is scale-independent
and non-zero. It is found in Section 2 that the ampli-
tude, tilt and running of the scalar spectrum are related
in a non-trivial fashion to the amplitude of the gravi-tational wave spectrum that is also generated during
inflation. A similar relationship is found in Section 3
for a class of braneworld inflationary cosmologies. We
conclude with a discussion in Section 4.
2. Running of the spectral index
In general, the power spectrum of the scalar pertur-
bations is closely related to the functional form of the
inflaton potential,1 V (φ):
(2)A2S =
κ6
75π2
V 3
V ′2
,
where κ2 = 8πm−2P , mP is the Planck mass and a
prime denotes d/dφ. The relationship between the
inflaton field and comoving wavenumber follows from
the scalar field equations of motion and is given by
(3)d
d lnk
=− V
′
3H 2
d
dφ
in the slow-roll limit. By defining the ‘slow-roll’
parameters as [25]:
(4) ≡ 1
2κ2
V ′2
V 2
,
(5)η≡ V
′′
κ2V
,
(6)ξ ≡ V
′V ′′′
κ4V 2
,
the spectral index and its running may be expressed
directly in terms of the potential and its derivatives [7,
26]:
(7)nS − 1=−6 + 2η,
(8)αS = 16η− 242 − 2ξ.
Thus, the running of the spectral index depends
on the third derivative of the potential. Eq. (7) is
truncated at order ξ , such that quadratic corrections
in  and η are assumed to be negligible. This requires
that |ξ | 
max(, |η|) and is equivalent to assuming
that |nS − 1| 
 1 and |αS | ≈ (nS − 1)2 or less. As
emphasized in Ref. [19], slow-roll predicts the former
condition but not necessarily the latter.
1 We employ the normalization conventions of Ref. [24] in this
Letter.
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spectrum of tensor (gravitational wave) perturbations
that are generated quantum mechanically during in-
flation [23]. The relationship is expressed through
the consistency equation (for a review, see, e.g., Ref.
[24]):
(9)A
2
T
A2S
=−1
2
nT , nT =−2,
where {AT ,nT } represent the amplitude and spectral
index of the tensor perturbations, respectively.
In view of the discussion given in the previous
section, we consider the case where αS is assumed
to be constant. Our aim is to derive an expression
relating observable parameters in the presence of a
non-zero running. This requires the integration of
Eq. (8) with respect to the inflaton field. This equation
may be viewed as a third-order, non-linear differential
equation. Its first integral therefore relates the inflaton
potential to its first two derivatives, or equivalently, the
two slow-roll parameters (4) and (5). Consequently,
substitution of Eqs. (7) and (9) into such an expression
then results in a constraint equation that relates the
observable parameters {AS,nS,αS,AT }.
To proceed, we introduce a new variable
(10)y ≡ V
′
V
representing the logarithmic derivative of the poten-
tial. The third-order equation (8) then reduces to the
non-linear, second-order equation
(11)yy ′′ − y2y ′ = −κ
4αS
2
.
Defining z≡ y ′, such that y ′′ = z dz/dy , then reduces
Eq. (11) to a first-order equation of the form
(12)yz dz
dy
− y2z=−κ
4αS
2
.
Eq. (12) may be further simplified by defining the
variable
(13)u≡ z− 1
2
y2
and it follows after substitution of Eq. (13) into
Eq. (12) that
(14)dy
du
=− 2
κ4α
[
uy + 1
2
y3
]
,Swhere we now view y and u as the dependent and
independent variables, respectively. Eq. (14) may then
be rewritten in a separable form by introducing the
variable
(15)w ≡ y(u) exp
[
u2
κ4αS
]
and substitution of Eq. (15) into Eq. (14) implies that
(16)1
w3
dw
du
=− 1
κ4αS
exp
[
− 2u
2
κ4αS
]
.
Eq. (16) admits the first integral
(17)
1
y2
exp
[
− 2u
2
κ4αS
]
−
(
π
2κ4αS
)1/2
erf
[√
2
κ4αS
u
]
= c,
where erf(x)≡ 2π−1/2 ∫ x0 ds exp[−s2] represents the
error function and c is an integration constant. The
error function is a monotonically increasing function,
such that erf(0) = 0 and erf(∞) = 1, and has a
first derivative given by d[erf(x)]/dx = (2/√π ) ×
exp(−x2). In the case where αS < 0, Eq. (17) may
be expressed in terms of the imaginary error function,
erfi(x)=−i erf(ix).
Finally, the pair {u,y} may be directly related to
observable parameters. Comparison of Eqs. (4) and
(10) implies that y2 = 2κ2 and it then follows from
definition (13) that the variable u is directly related
to the scalar spectral index, u = κ2(nS − 1)/2. Thus,
substituting Eq. (9) into Eq. (17) implies that
(18)
A2S
A2T
exp
[
− (nS − 1)
2
2αS
]
−
(
2π
αS
)1/2
erf
[
nS − 1√
2αS
]
= c˜,
where c˜ is an undetermined constant that is, in prin-
ciple, measurable. Eq. (18) represents an observable
signature of inflationary models that generate a scale-
invariant running of the spectral index.
3. Running and braneworld cosmology
It is also of interest to investigate whether the above
type of observable signature holds in other more gen-
eral inflationary scenarios. In recent years, consider-
able interest has focused on the possibility that our ob-
servable four-dimensional universe may be viewed as
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dimensional ‘bulk’ space [27–29]. According to these
scenarios, the standard model gauge interactions are
confined to the brane, but gravity may propagate in
the bulk [28]. The motion of the brane through the sta-
tic bulk space is interpreted by an observer confined to
the brane as cosmic expansion or contraction [30].
In this section, we consider the Randall–Sundrum
type II (RSII) braneworld scenario, where a single
brane is embedded in five-dimensional anti-de Sitter
(AdS) space [29]. In this case, the effective Friedmann
equation on the brane is derived from the Israel
junction conditions that relate the extrinsic curvature
of the induced metric on the brane to the energy–
momentum of the matter fields that are confined to
the brane [31]. The form of the Friedmann equation
is modified from that of standard cosmology based on
Einstein gravity and acquires a quadratic dependence
on the energy density, ρ [32]:
(19)H 2 = κ
2
3
ρ
[
1+ ρ
2λ
]
,
where λ is the brane tension.
Such a modification becomes important at high
energies and has significant implications for inflation
[33,34]. In particular, in the limit where ρ  λ, the
amplitudes of the scalar and tensor perturbations are
enhanced [33,35]:
(20)A2S =
κ6
600π2
V 6
λ3V ′2
, A2T =
κ4
200π2
V 3
λ2
.
However, despite these corrections, the consistency
equation relating the two spectra is identical to that of
the standard scenario, Eq. (9) [36]. Such a degeneracy
in the consistency equation also arises in more general
brane cosmologies [37].
A natural question to address, therefore, is whether
such a degeneracy may be lifted by allowing for a run-
ning of the spectral index. In view of the modifications
to the Friedmann equation that typically arise in brane
cosmology, we consider a model described by a Fried-
mann equation of the form
(21)H 2 = κ˜
2
3
ρq,
where ρ is the energy density of the matter, q is
an arbitrary, positive constant and κ˜2 is an arbitrary
constant. Eq. (21) may be viewed as a limiting case ofa more generalized Friedmann equation that is relevant
in the high energy regime of early universe dynamics.
For example, the case q = 2 corresponds to the RSII
scenario when the energy density dominates the brane
tension and we specify κ˜2 = κ2/2λ. A further case of
interest is given by q = 2/3. A Friedmann equation
of this form arises in the extended version of the
RSII scenario when a Gauss–Bonnet combination of
curvature invariants is included in the five-dimensional
bulk action [38].
We further assume that the universe is dominated
by a single, self-interacting inflaton field. Conserva-
tion of energy–momentum of this field then implies
that
(22)φ¨ + 3Hφ˙+ V ′ = 0,
where a dot denotes differentiation with respect to
time. We define the generalized slow-roll parame-
ters as g ≡ −H˙/H 2, ηg ≡ V ′′/(3H 2) and ξg ≡
V ′V ′′′/(3H 2)2, respectively, and in the slow-roll limit,
φ˙2 
 V and |φ¨| 
H |φ˙|, these reduce to
(23)g = q2κ˜2
V ′2
V q+1
,
(24)ηg = V
′′
κ˜2V q
,
(25)ξg = V
′V ′′′
κ˜4V 2q
.
Conservation of energy–momentum implies that
the curvature perturbation on uniform density hyper-
surfaces is conserved on super-Hubble radius scales.
This follows as a direct consequence of energy–
momentum conservation of the inflaton and is inde-
pendent of the gravitational physics [39]. It can then
be shown that the amplitude of the scalar perturba-
tion spectrum is given by A2S ∝ H 4/φ˙2 in the slow-
roll limit [39]. The value of the scalar field is related
to the comoving wavenumber through Eq. (3). Substi-
tuting the field equations into the expression for the
amplitude and differentiating with respect to comov-
ing wavenumber then implies that the scalar spectral
index is given by
(26)nS − 1=−6g + 2ηg
and the running of the tilt is given by
(27)αS = 16gηg − 12(q + 1)
q
2g − 2ξg.
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Eq. (27) under the assumption that the running of
the spectral index is constant. It proves convenient to
define a new scalar field, ϕ:
(28)d
dϕ
≡ V (1−q)/2 d
dφ
and this implies that Eq. (27) takes the form
κ˜4αS = 4(q + 1) (V
∗)2V ∗∗
V 3
− 2(2q + 1) (V
∗)4
V 4
(29)− 2V
∗V ∗∗∗
V 2
,
where a star denotes d/dϕ. Defining the new variable
Y ≡ V ∗/V then simplifies Eq. (29) to
(30)YY ∗∗ + (1− 2q)Y 2Y ∗ = − κ˜
4αS
2
.
Eq. (30) can be integrated in a similar way to
that employed in Section 2 and we therefore omit the
details. Eq. (30) reduces to the separable equation
(31)1
W 3
dW
dU
=
(
1− 2q
κ˜4αS
)
exp
[
− 2U
2
κ˜4αS
]
,
where
(32)U ≡ Y ∗ +
(
1− 2q
2
)
Y 2,
(33)W(U)≡ Y exp
[
U2
κ˜4αS
]
and solving Eq. (31) then implies that
1
Y 2
exp
[
− 2U
2
κ˜4αS
]
(34)+
√
π
2κ˜4αS
(1− 2q) erf
[√
2
κ˜4αS
U
]
= C,
where C is an integration constant.
Comparison of Eqs. (26) and (32) implies that
U = κ˜2(nS − 1)/2. Moreover, substituting Eq. (28)
into the definition of the variable Y implies that Y 2 =
(2κ˜2/q)g . It follows, therefore, that Eq. (34) may be
expressed in the form
1
g
exp
[
− (nS − 1)
2
2αS
]
(35)+
(
2π
α
)1/2(1− 2q
q
)
erf
[
nS − 1√
]
= C˜,S 2αSwhere C˜ is a dimensionless constant.
In braneworld inflationary scenarios, the calcula-
tion of the tensor perturbation spectrum is more in-
volved than that of the scalar perturbations because the
gravitational waves extend into the bulk dimensions
[35]. Consequently, one must consider the tensor per-
turbations for each specific model. For the RSII sce-
nario, where q = 2, substituting Eq. (23) into Eq. (20)
implies that A2T /A
2
S = 3g/2. Remarkably, therefore,
we conclude that when Eq. (35) is expressed in terms
of the observables {AS,nS,αS,AT }, it reduces to pre-
cisely the same form as the corresponding relationship
for the standard inflationary cosmology, Eq. (18).
4. Discussion
The inflationary scenario has received a great deal
of observational support from recent CMB satellite
observations [2,3]. From the theoretical perspective,
an important problem to address is the origin of
the inflaton field within a fundamental underlying
theory and, more specifically, the nature of the inflaton
potential that drove the accelerated expansion of the
very early universe. In the case where the running of
the spectral index vanishes, it is well known that the
form of the potential leading to a constant spectral
index is not unique [24,40]. Indeed, the origin of this
degeneracy may be understood from a mathematical
point of view by expressing the potential in terms of
the derivative V ≡ dW(φ)/dφ and rewriting Eq. (7)
in the form
(36)W
′′′
W ′
− 3
2
(
W ′′
W ′
)2
= κ
2
2
(nS − 1).
This novel way of expressing the constraint on the po-
tential is illuminating because the left-hand side of
Eq. (36) is the Schwarzian derivative of the function
W(φ) [41]. This is the unique elementary function of
the derivatives that is invariant under the homographic
transformation that corresponds to the group of frac-
tional linear transformations:
(37)W˜ = aW + b
cW + d ,
where {a, b, c, d} are arbitrary constants satisfying
ad − bc = 1. Thus, given a particular solution to
Eq. (36) (such as an exponential potential), more
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be generated by applying the transformation (37).
Further observational input, most notably from the
gravitational wave background, is required to lift the
degeneracy [24].
In this Letter we have considered the more general
class of inflationary models where the running of the
scalar spectral index is itself non-zero and independent
of scale. In general, it is not possible to determine
the analytic form of the potentials that generate such
a spectrum. On the other hand, their asymptotic limit
may be deduced by noting that the first integral of the
second-order equation (11) may be written in the form
(38)y ′ =
√
f (φ)− κ4αS lny,
where the function f (φ) itself satisfies the non-linear
equation, f ′ = 2yy ′2, i.e.,
(39)f ′ = 2y(f − κ4αS lny).
The pair of Eqs. (38) and (39) represent a plane
autonomous system with a single equilibrium point
located at f = κ4αS ln y and it follows from the
definition of the function f that this point represents
the asymptotic form of the general solution to Eq. (11)
in the limit where |y ′′| 
 y|y ′|, i.e., where the first
term on the left-hand side of Eq. (11) is negligible. In
this limit, Eq. (11) may be integrated to yield the form
of the potential:
(40)V = V0 exp
[
±
(
81|αS |
128
)1/3
(κφ)4/3
]
,
where V0 is an arbitrary positive constant and the
sign of the exponent corresponds to the sign of the
running. It is worth remarking that potentials of this
specific asymptotic form also arise within the context
of supergravity models [42].
Eq. (18) directly relates the four observable para-
meters {AS,nS,αS,AT }. An important feature of this
relation is that it is independent of the specific func-
tional form of the inflaton potential. In this sense,
therefore, it represents an observable signature of the
class of inflationary models where the ‘running of
the running’, βS ≡ dαS/d lnk, is negligible. However,
the expressions for the tilt and running, Eqs. (7) and
(8), were derived under the standard assumption that
|ξ | 
max(, |η|). Although this is consistent, it is notrequired by the slow-roll approximation [19] and fail-
ure to satisfy Eq. (18) may therefore indicate that such
an assumption would need to be relaxed.
The occurrence of the arbitrary constant implies
that to proceed observationally the parameters {AS,nS,
αS,AT } must be measured over at least two separate
scales. One measurement is required to determine the
numerical value of the integration constant and the
second to determine whether Eq. (18) is indeed sat-
isfied. The advantage of Eq. (18) over the consistency
equation (9) is that it relates the scalar and tensor per-
turbation amplitudes directly to the scalar spectral in-
dex and its running. Consequently, it does not require
the tilt of the tensor spectrum to be directly measured.
On the other hand, we have assumed that the
running is effectively constant and this can only be
verified observationally to within some error. When
discussing observational constraints, the primordial
power spectrum may be viewed as an unknown func-
tion and the fitting procedure effectively truncates the
Taylor expansion (1) at a finite order. This is equiv-
alent to setting all corresponding higher-order, slow-
roll parameters to zero. Establishing whether a con-
stant running is a good fit to the data requires the intro-
duction of the next-order term, βS ≡ dαS/d lnk, as an
additional parameter in the analysis. Self-consistency
of the assumptions made above requires that βS ≈
|nS − 1|3 or smaller. The assumption that the running
is constant would then be supported if it turned out that
βS has only a moderate influence on the likelihood dis-
tributions for the other observable parameters and is it-
self entirely consistent with zero within the observed
errors.
Nevertheless, Eq. (18) may prove important even
if a high running of the running is reported. Leach
and Liddle have argued that appropriate conditions
should be satisfied if the inclusion of a higher-order
parameter of the power spectrum is to be justified
[17]. In effect, the criterion is that of convergence in
the Taylor expansion (1). In the present context, the
inclusion of the running could only be justified if the
third-order term in Eq. (1) is significantly smaller than
the second-order term and, quantitatively, this requires
(41)
∣∣∣∣βS3 ln
(
k
k0
)∣∣∣∣
 |αS |.
If condition (41) is violated when the detection of βS
has only a low significance, it could be argued that
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and that it is therefore not appropriate to include it in
the analysis [17]. Indeed, Eq. (18) proves important
in this case because it may be employed to yield
crucial information about the magnitude of the second
derivative of the tilt. Failure of Eq. (18) to satisfy
the data (under the assumption of a constant running)
could be interpreted as evidence that the second
derivative of the tilt is important without the need for
allowing this parameter to be a priori non-zero.
We have also considered inflationary models that
generate a scale-invariant running of the spectral in-
dex in the Randall–Sundrum type II braneworld sce-
nario. Surprisingly, we found that in the high energy
limit, the relation (35), when expressed in terms of
the observables {AS,nS,αS,AT }, takes precisely the
same form as the corresponding relationship for the
standard inflationary cosmology, Eq. (18). This pro-
vides further evidence of the degeneracy that exists
between the primordial perturbations that are gener-
ated in the two scenarios even though the gravita-
tional physics is manifestly different in the two cases
[36,37]. It should be borne in mind, however, that in
these calculations the effects of the bulk space on the
evolution of the density perturbations has been ne-
glected. This is consistent at linear order when con-
sidering scalar perturbations of a homogeneous back-
ground [33]. More generally, the backreaction per-
turbs the bulk space away from conformal invariance
and generates a non-trivial Weyl curvature in the bulk
[43,44]. This plays the role of a non-local energy–
momentum source when projected down to four di-
mensions and thus alters the background dynamics
[43–45]. The failure of the relation (18) to be satis-
fied in this case could therefore indicate the possible
importance of these bulk effects.
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